Abstract-By using few-mode fibers (FMFs), it is possible to simultaneously determine the values of multiple parameters such as temperature and strain. In this work, we extend this capability to the case of mode-based reconstruction of the distribution of a continuous variable function. As a specific example, we theoretically demonstrate that by measuring the mode-dependent losses of multiple guided modes in an FMF, it is possible to determine the spatial distributions of chemicals diffused within the fiber.
I. INTRODUCTION
T HE development of mode division multiplexing (MDM) has led to many exciting discoveries. In optical communications, by using individual modes as distinct communication channels, it is possible to use few-mode-fibers (FMFs) to significantly increase the overall capacity of a fiber optical network [1] - [4] . The advance in MDM has also begun to impact the field of optical sensing [5] - [10] . For example, through MDM, we have theoretically demonstrated [5] that it is possible to multiplex hundreds of absorption-based fiber optical sensor in a single point-to-point network, a functionality that is almost impossible to achieve using traditional single-mode-fiber (SMF) based sensors and sensor networks. Other researchers have shown that a FMF-based sensor can simultaneously monitor temperature and strain [6] , [7] temperature and refractive index [8] , [9] , and strain and bending [10] . Fundamentally, the advantage of FMF-based sensors can be attributed to a simple observation that different linearly polarized (LP) mode responds differently to external parameters such as gas concentration, temperature, or strain. Therefore, by measuring the responses of different LP modes of a FMF-based sensor, we should be able to achieve novel functionality that would be impossible for SMF-based sensors. In this work, we present another such example. Specifically, we aim to theoretically demonstrate that by measuring the mode dependent loss (MDL) induced by chemicals diffused in an FMF, we can non-destructively determine the spatial distribution of such chemicals within the optical fiber. To understand the basic principle of the proposed technique, we draw analogy with computed tomography (CT) [11] . Fig. 1(a) shows a simple illustration of CT scan, where an X-ray source and a detector array rotate around a to-be-scanned object. By measuring the transmitted X-ray beam intensity during rotation followed by tomographical reconstruction, one can perform volumetric imaging of the interior of the object. Based on the same principle, it is possible to tomographically reconstruct the spatial distribution of refractive index inside an optical fiber [12] . In this method, the authors line up the laser source and the imaging sensor and rotate them together around the optical fiber sample. In this sense, tomography in the literature typically requires one to perform multiple scans in the spatial domain. In contrast, in this work, we propose to carry out reconstruction of absorptive chemical distribution in an optical fiber by "scanning" the interrogation signals in the mode domain. To clarify our method, Fig. 1(b) illustrates an example of a "rotational" scan along the circumference of the Poincaré sphere in the mode domain, with the LP 01 mode located at the North Pole and one of doubly degenerate LP 11 mode in the South Pole. In this case, the mode domain scan involves interrogating the FMF sensor using a superposition of various LP modes with different mode coefficients. Since different LP modes possess different spatial overlaps with the absorptive materials in the fiber, by varying the mode composition of the interrogation signal, optical attenuation due to material absorption should become highly mode dependent. Therefore, by scanning interrogation signals in the mode domain and measuring the MDL of different LP modes or their superposition, it may become possible to reconstruct the spatial distribution of the absorptive materials across the crosssection of the optical fiber. The feasibility of the reconstruction process relies on two requirements. First, we should be able to launch any desired LP modes as well as their combinations into a FMF, which we have experimentally demonstrated for two-mode-fibers (TMF) [13] . Second, we need to demonstrate the feasibility of an algorithm for distribution reconstruction, which is addressed in the present work.
For theoretical demonstration of the feasibility of our method, we choose to investigate the process of chemical diffusion in a silica-based FMF. Despite the impressive capability of silicabased fiber sensors, exposing such sensors to gases at elevated temperature, which is required for applications such as fuel cell, can be highly problematic [14] . One reason is that gases (e.g., hydrogen) surrounding a silica fiber can diffuse into the fiber core, which can lead to significantly higher optical attenuation [15] − [20] . As a result, there is a strong motivation to understand the diffusion dynamics of gases into silica-based optical fibers to improve the performance of fiber optic sensors, especially for high temperature applications.
Existing studies of chemical diffusion in fiber typically assume that the concentration of chemical species within the fiber is governed by the diffusion equation [15] , [21] . Given this assumption, the spatiotemporal distributions of chemicals within the fiber can be theoretically calculated, which can then yield the chemical-induced optical attenuation. Then, under carefully controlled ambient temperature and gas concentration, one can use the temporal behavior of the chemical-induced optical attenuation to determine key diffusion parameters such as diffusion constant and activation energy [17] , [18] . Unfortunately, this procedure is not suitable for real-time, nondestructive measurements of chemical distribution in fiber, since in practical applications, we may not know ambient temperature, the composition and the concentration of chemical species in the environment, as well as key diffusion parameters of the relevant chemical species (e.g., their diffusion constant and activation energy). Additionally, the diffusions process may depend on parameters that cannot be controlled by the users, such as fiber doping profile. The diffusion parameters reported in the literature also exhibit significant variations [15] , [18] , [22] . Finally, the diffusion equation may not apply for certain applications (e.g., in the presence of electric fields [15] ).
In this paper, we aim to establish a MDM-based platform that can reconstruct the concentration distribution of chemicals within a FMF. In contrast with all existing approaches, our method does not assume that the concentration of chemical species in the FMF is governed by the diffusion equation. Instead, we assume that the following conditions are met: 1) at the operation wavelength, optical attenuation at any fiber location is proportional to the concentration of the chemical specie of interest at the location; 2) the intermodal coupling within the FMF are reasonably weak; 3) we can control the mode composition of optical signals launched into the FMF, and 4) the distribution of the chemical specie within the fiber is cylindrically symmetric. As long as these assumptions are satisfied, we can reconstruct the spatial distribution of the chemical specie in fiber core.
It is likely that the four assumptions mentioned above can perhaps be relaxed, since many of them are adopted to simplify this proof-of-concept demonstration. Finally, we point out that the concept of our approach can be readily extended to other applications such as Raman spectroscopy. As shown in Fig. 2 , suppose an optical fiber is placed in a gas such that at the surface of the fiber cladding, chemical concentration in silica glass has reached the saturation concentration C sat [15] , [18] . Following [15] , the spatiotemporal dependence of the normalized gas concentration C N (r, τ) inside the fiber can be expressed as:
where r is radius to the fiber axis, and C(r, τ ) is chemical concentration normalized with respect to the saturation concentration C sat . The normalized time τ is defined as Dt/a 2 clad , where t is time, D is gas diffusivity, and a clad is fiber cladding radius. J 0 and J 1 are Bessel functions of the first kind, and β s , s = 1, 2, 3, . . . , are the roots of J 0 (β s ) = 0. The gas diffusivity D depends on temperature T, and can be described by [17] , [22] :
where D o and E d are the temperature-independent diffusion constant and activation energy, respectively. R = 8.314 J K −1 mol −1 is the gas constant. To illustrate the behavior of gas diffusion, we consider a specific example of hydrogen diffusion into a silica-based optical fiber. When hydrogen reaches the silica fiber core, two types of loss can occur [17] . The first is light absorption caused by unreacted hydrogen which gives rise to loss peak around 1,240 nm wavelength. This kind of loss is directly proportional to hydrogen concentration in the fiber and is reversible. The second type of loss is caused by chemical reaction and the formation of absorptive materials such as hydroxyl [17] . The later loss depends on both hydrogen concentration and defects distribution inside the fiber. For concrete analysis, in this work, we assume that the operation wavelength of the interrogation laser is at 1,240 nm, and that optical absorption at this wavelength is proportional to hydrogen concentration. The parameters of the FMF as well as the hydrogen diffusion parameters are summarized in Table I , where n 1 and n 2 are the core and cladding refractive indices, respectively, and a core denotes the fiber core radius. Using (1) and (2) and the parameters in Table I , Fig. 3 is an example of the normalized hydrogen concentration within the FMF at T = 50
• C. As shown in Fig. 3 , before the diffusion process reaches complete saturation, the distribution of absorptive chemicals (e.g., H 2 ) within the fiber is inhomogeneous. As a result, different LP modes should possess different attenuation coefficients. For each LP lm mode, we can calculate the normalized chemicalinduced attenuation Δα lm N (t) as:
where Δα lm (t) is the gas-induced loss increase for each LP lm mode, α sat is gas-induced attenuation under saturation condition (i.e., C N = 1), and E lm (r, φ) is the spatial field distribution of the LP lm mode. A typical value of α sat at 1,240 nm wavelength for hydrogen diffusion in silica fibers at T = 21
• C and P H 2 = 1 atm is ∼ 9.6 dB/ km [17] . Experimentally, Δα lm (t) can be determined by measuring the increase in optical attenuation due to the presence of the absorptive chemicals.
We can use (3) to theoretically calculate hydrogen-induced attenuation for different LP modes by using the parameters given in Table I . This particular FMF supports 10 LP modes (17 LP modes if mode-degeneracy is considered) at 1240 nm. Fig. 4(a) shows the radial distributions of the LP 01 , LP 02 and LP 03 mode in the FMF. Given their significant difference in optical intensity distribution, we naturally expect that these LP modes should exhibit measurable MDL due to chemical-induced attenuation. Using (3), Fig. 4(b) gives the temporal dependence of MDL, due to the presence of hydrogen within the FMF at T = 50
• C. Since the degenerate modes (LP lm a and LP lm b ) have identical gas-induced loss, we refer to both of them in Fig. 4(b) as LP lm . The double integrals in (3) are evaluated numerically over a polar grid with the size of 0.56 μm along the radial direction and 0.21 rad along the azimuthal direction. The grid sizes are chosen to ensure that the results of integration no longer depend on their values. Also, we limit the range of radial integration to [0, r/a core = 1.3], since, as shown in Fig. 4(a) , the intensity of all LP modes becomes negligible for r/a core > 1.3. Fig. 4(c) shows an example to the normalized MDL induced by hydrogen diffused within the FMF at T = 50
• C and t = 5 h. The corresponding normalized hydrogen concentration radial distribution at T = 50
• C and t = 5 h is shown in Fig. 4(d) .
III. RECONSTRUCTION OF CHEMICAL DISTRIBUTION IN FIBER CORE
This section describes the reconstruction of the distribution of the absorptive chemicals based on MDL measurements. Our reconstruction process allows any radial distribution C N (r), without any prior knowledge. To characterize the accuracy of our reconstruction algorithm, we first assume an arbitrary function C N ,O (r) as the "original" chemical distribution profile. Using this original C N ,O (r), we can then use (3) to calculate the MDL for all LP modes. This constitutes the forward process. For the inverse problem, we take the chemical-induced attenuation of all LP modes (or their combinations) as the "measured" data, and use a constrained nonlinear optimization process to find the "reconstructed" chemical distribution C N ,R (r). Fig. 5(a) illustrates the general framework of the optimization process we use to find the unknown vector x. The first iteration "1" starts with an initial guess x i and attempts to iteratively find the solution x R , at which a defined objective function is minimized. The stopping criteria of the constrained optimization process is governed by crossing a threshold to the relative first-order optimality (RFO) [23] , which is analogous to the gradient of the objective function. Ideally, the RFO is zero when the objective function is minimized. A close match between C N ,O (r) and C N ,R (r) can then be used to validate the reconstruction process.
Two points worth mentioning. First, throughout this work, we assume that both C N ,O (r) and C N ,R (r) are cylindrically symmetric. This assumption, however, is not essential, and is adopted to reduce the complexity in this proof-of-concept demonstration. We may relax this requirement in future work. Second, we ignore the time dependence of C N , since it only takes a short time period (for example, a few second) to measure the losses of LP modes or their linear combinations. Therefore, we can ignore the temporal variation of C N (r) during MDL measurements. Fig. 5(a) . In this simulation, we set the threshold of the RFO to 10 −6 (i.e. if the RFO is less than 10 −6 , the optimization process stops.) If the SSR is minimum, stopping criteria is satisfied, we take the trial C N ,i (r) as the reconstructed chemical distribution, i.e., C N ,R (r). Otherwise, we update our trial solution for chemical distribution to C N ,1 (r) using the sequential-quadratic programming (SQP) algorithm [23] . (This is achieved using the Matlab "fmincon" function (Mathworks, 2013). The SQP algorithm has been successfully applied to many nonlinear constrained optimization problems [24] . This algorithm generates solutions that iteratively converge by solving quadratic programs that are approximations of the original nonlinear problem [25] . Then, we use the updated trial concentration C N ,1 (r) for the 2nd iteration. The process continues until the convergence criterion is met. The only constrain we impose on the optimization process is that all values of C N (r) must be within the interval [0,1]. The mathematical formulation of this optimization problem can be expressed as:
A more in-depth discussion of the SQP algorithm can be found in [23] .
We use the FMF described in Table I to investigate the validity of this iterative reconstruction algorithm. Fig. 6 shows three distinct hydrogen distributions (labeled Dist. 1 to Dist. 3) with different radial profiles. In particular, Dist. 3 is identical to the hydrogen concentration in Fig. 4(d) , which is obtained by applying the diffusion model in Section ІІ and using the parameters of Table I at T = 50
• C and t = 5 h. As can be seen from Fig. 4(a) , the intensity of all LP modes becomes negligible for r/a core > 1.3. Therefore, we limit our reconstruction to the range of r/a core < 1.3. In our calculations, we again use (3) to evaluate Δα lm N over the same polar grid used in the forward calculations described in Section ІІ. To reconstruct chemical distributions, we first consider the approach where we individually launch 17 distinct LP modes (Fig. 6(a) , (c), and (e)) into the FMF. For comparison with the traditional SMF-based approach, we also apply the same reconstruction procedure for cases where only the fundamental LP 01 mode is launched (Fig. 6(b), (d), and (f) ), where the objective function is defined as (Δα
2 . The original, reconstructed, and initial profiles of the normalized hydrogen concentration distribution are labeled as "original", "reconstructed", and "initial", respectively. The results in Fig. 6 show very good agreement between the original and the reconstructed hydrogen distribution, if we use all 17 LP modes for reconstruction. In comparison, the optimization process either fails or only shows poor accuracy when we only rely on the LP 01 mode loss for reconstruction. These results confirm the capability of our method to reconstruct chemical concentration inside FMFs. Fig. 7(a) gives the evolution of the reconstructed concentration profile during the iteration for Dist. 1, corresponding to the case shown in Fig. 6(a) . The evolution of the objective functions (SSR of normalized MDL values) for Dist. 1, 2, and 3, where we use the loss of 17 LP modes for reconstruction, are also shown in Fig. 7(b) . This figure shows that the optimization process can effectively reproduce the desired MDL. However, by itself, obtaining the correct values of MDL does not necessarily confirm the accuracy of the reconstruction process, since in principle, there might be multiple solutions for C N ,R (r) that can produce similar values for individual LP mode losses. To validate the reconstruction process, we also calculate the SSR between C N ,O (r) and C N ,R (r) after each iteration, as shown in Fig. 7(c) . Interestingly, we observe that the worst match between C N ,O (r) and C N ,R (r) is Dist. 3. A possible explanation is that a more homogenous chemical distribution leads to less mode dependence of optical attenuation and reduce the fidelity of the reconstruction algorithm. However, even for Dist. 3, the match between the original and the reconstructed hydrogen distribution is reasonable inside the fiber core. The rapid "fluctuation" of the normalized hydrogen concentration is likely an artifact of numerical reconstruction. In future work, we may be able to minimize such undesirable fluctuations by adding additional constraints. For example, we may impose the condition that the radial derivatives of chemical concentration must be as small as possible.
Another option for the reconstruction process is to launch a linear combination of individual LP modes to the FMF. In principle, such an approach allows us to use an infinite number of the combinations of LP modes for MDL measurements. Here, we only consider a perhaps simpler case, where we use the individual LP 01 and LP 51b and their linear combination with the other LP modes for reconstruction. Specifically, assuming all modes having the same polarization, we use the following combinations of modes as the input signals for loss measurements:
where E lm can be either E 01 or E 51b , and E l m can be any of the 17 LP modes other than E 01 or E 51b . More specifically, the input field at the FMF input can be E 01 , E 51b , E 01 + E 11a , E 51b + E 11a , etc. As in previous reconstructions, we use (3) In principle, such a choice of input field allows an infinite set of MDL measurements, and may significantly improve the accuracy of our approach. In all of previous simulations, we assumed an initial guess C N ,i (r) that is zero at the center and increases linearly till it becomes unity at r/a core = 1.3. It is worthwhile to find out whether the reconstruction result depends on the choice of the initial guess. Here we choose the original chemical concentration C N ,O (r) in Dist. 1 but assuming a null initial chemical concentration, i.e., C N ,i (r) = 0 in the interval of 0 < r/a core < 1.3. Fig. 9(a) and (b) show the original, the initial, and the reconstructed hydrogen normalized distributions. For reconstruction, we consider both using the 17 individual LP modes as the interrogation signals, as well as using linear combinations of various LP modes for the reconstruction process. The corresponding SSR for mode loss and chemical concentration are shown in Fig. 9(c) and (d) , respectively, where red squares denote the case of launching individual 17 modes and green squares denote the case using linear combination of LP modes. The results in Fig. 9 suggest that the choice of initial guess of chemical concentration has some impact on the results of reconstruction. The appearance of rapid fluctuations in C N (r) is certainly a numerical artifact. However, even with the null initial concentration, the reconstructed concentration still follows the general trend of the true distributions. Additionally, with the incorporation of additional constraints, such as requir- ing that the spatial derivative of chemical concentration should be as small as possible, it should be possible to minimize the impact of numerical artifacts.
Finally, we mention that we have considered other optimization algorithms in reconstruction, such as the interior-point method in [26] and the active-set method in [27] . However, we find that the SQP algorithm delivers better matching between the original and reconstructed chemical distributions.
IV. IMPACT OF INTERMODAL COUPLING AND MODAL MIXING ON THE RECONSTRUCTION PROCESS
In FMFs, intermodal coupling inevitably occurs due to factors such as fiber bending, splicing, and strain [28] [29] [30] . Also, it is experimentally difficult to excite a pure LP mode without any mode mixing [31] . Therefore, it is important to ensure that the process of the reconstruction remains reasonably accurate in the presence of intermodal coupling and mode mixing. A comprehensive study on the impact of these factors is beyond the scope of this paper. Here, we adopt a somewhat simplified framework to estimate the impact of such mode noises.
Let us assume that a specific LP lm mode is launched to a FMF, and that a portion of the launched power is coupled into other LP modes. For quantitative analysis, we define x lm as the percentage of power remains in the incident LP lm mode, and that the percentage of power coupled into another LP modes LP l m is denoted as x l m . Mathematically, this suggests that the attenuation of the launched optical signal (Δα N ) can be expressed as:
where x l m are random variables that satisfy the constraint Following the procedure in [5] , we find that for a 5-meterlong FMF, even in the presence of strong intermodal coupling, a typical value for x lm is ∼ 95%. Additionally, using adaptive optics, we have experimentally demonstrated the capability of exciting specific LP modes in a TMF with ∼ 99% purity [13] . Based on these results, we limit ourselves to cases with x lm values greater 90%.
In our preliminary study, we only consider a specific original chemical distribution (Dist. 1) and assume that we individually launch pure LP modes into the FMF listed in Table I . Fig. 10(a) -(c) shows the reconstructed chemical distribution for different x lm values. Even when x lm = 90%, the accuracy of the reconstruction is still acceptable and follows the general trend of the original distribution. For additional verification, we run the simulation 10 times at each x lm value but assume a random set of {x l m } that satisfies l m =lm x l m = 1 − x lm , and calculate the mean and the standard deviation of the SSR between C N ,O (r) and C N ,R (r). The results are shown in Fig. 10(d) . Obviously, stronger intermodal coupling (i.e., lower x lm values) reduces the accuracy of the reconstruction process. However, even for the case of x lm = 90%, the SSR between C N ,O (r) and C N ,R (r) is quite small.
V. DISCUSSION AND CONCLUSION
In this work, we theoretically demonstrate that by measuring the chemical-induced losses of multiple LP modes in a FMF, it is possible to reconstruct the spatial distribution of the absorptive chemicals within the fiber. The reconstruction process is based on the constrained nonlinear optimization algorithm. We test the validity of this algorithm using multiple chemical distribution profiles. We find that regardless of the forms of chemical distribution the initial guess, this algorithm can reconstruct the spatial distributions of the chemical with reasonable accuracy. A major advantage of our method is that the accuracy of modebased reconstruction does not depend on the requirement that chemicals within the fiber satisfy the diffusion model.
In terms of practical implementation, we can consider the example of hydrogen diffusion into a silica fiber, where α sat ∼ 9.6 dB/ km at T = 21
• C and P H 2 = 1 atm [17] . Assuming a 50-m-long fiber and complete diffusion saturation, the optical power change at the end of the fiber is ∼ 0.5 dB, which is more than sufficient for accurate detection. Even if the hydrogen concentration is 10% of its saturation value, the change in optical power remains detectable. To improve the accuracy of loss measurement, we may perform MDL measurements at two slightly different wavelengths, with one located at the peak of hydrogen absorption (e.g., 1,240 nm), and the other with low hydrogen-induced attenuation (e.g., 1,300 nm). We may also use the condition described in [32] , with T = 150
• C and P H 2 = 100 atm, where hydrogen-induced absorption can reach the level of 800 dB/km. For such samples, a fiber length of 1 to 10 m can become sufficient. At this length scale, we should be able to manage the impact of intermodal coupling.
The presence of intermodal coupling may limit the accuracy of mode-based reconstruction. Here, we have shown that the algorithm remains reasonably accurate even if intermodal coupling is not negligible (i.e., ∼ 10%). It may be possible to further improve the accuracy of the algorithm by utilizing more sophisticated signal processing techniques developed for MDMbased high speed communications. In particular, we note that a six-mode fiber can support high speed optical communication (40 GHz) over a distance of 96 km [33] .
It is worth mentioning that the effective refractive index of an optical fiber can change as a result of hydrogen diffusion [15] . However, within a temperature range 45°C to 90°C and pressure ∼ 105 bar, the refractive index change of a boron/germanium codoped fiber is less than 1 × 10 −3 [15] . Such a small change in refractive index should not significantly impact the measurement of MDL. The presence of hydrogen, however, may have some impact on the spatial profiles of different LP modes. We can overcome this potential problem by using our method of adaptive mode control [13] , [34] to selectively excite specific LP modes and experimentally determine their actual profiles.
For experimental validation of our reconstruction algorithm, it may be easier to use FMFs with much higher absorption. A good candidate is large core area erbium-doped fibers, whose absorption coefficients at 980 nm can easily reach the level of 10 to 100 dB/m. Despite the fact that the distribution of erbium ions in such fibers can differ significantly from that of chemical diffusion, our method of mode-based reconstruction should remain valid. A significant advantage of using erbium doped fiber is that to-be-characterized fiber sample can be as short as 10 cm. At this length scale, the impact of intermodal coupling can be safely ignored. For MDM-based communications, being able to determine, non-destructively, the concentration of erbium ions in a few-mode or multimode erbium-doped fiber can be very important for a large number of applications.
For a large number of applications, we can safely assume that chemical distributions in the fiber are cylindrically symmetric. However, in certain situations, chemical distribution may depend on the azimuthal angle. For such cases, our assumption of cylindrically symmetric chemical distribution may become a major limiting factor. However, it may be possible to overcome this limitation by using non-symmetric fibers such as elliptical core fibers or photonic crystal fibers. Extending the method of mode-based reconstruction to non-symmetric fibers will be explored in future publications.
Furthermore, the accuracy of our mode-based reconstruction process can be much improved by increasing the number of LP modes within the fiber. This can be achieved through either increasing the value of the fiber core diameter or its numerical aperture (NA) at the operation wavelength. Alternatively, we may launch linear combinations of various LP modes with different mode composition. For example, we may use signals that are superpositions of two arbitrary LP modes, E = A lm E lm + A l m E l m , where the two mode coefficients A lm and A l m can be any complex numbers. Such measurement corresponds to performing MDL measurements in the mode domain, as depicted in Fig. 1(b) .
Finally, we point out that the validity of mode-based tomography is by no means limited to the specific case analyzed here. For example, instead of MDL, we can potentially use the Raman or fluorescence signals produced by the chemicals of interest. It is also possible to improve the efficiency and accuracy of the reconstruction process by considering other reconstruction algorithms, as well as refining the composition of LP modes used for the reconstruction. 
